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The linear stability of steady temperature distributions in a parallel-plane packed bed reactor is
investigated analytically and numerically. A plane-parallel stratification of the reactive granular material is
assumed which modulates the rate of the local volumetric heat generation by exothermic reactions. The
approach is based on an exactly solvable nonlinear model which involves two experimentally accessible
control parameters, the intensity parameter λ > 0 and stratification parameter s � 0. For a given value of s,
an upper bound λmax(s) of λ exists, such that above of this maximum the reactor becomes thermally
uncontrollable. Below λmax(s), unique as well as dual solutions exist. The former ones describe high
temperature steady states of the reactor, while the dual solution branches are associated with low and
high temperature reaction regimes, respectively. It is found that the low temperature branch is always
linearly stable and the upper one unstable. The steady state of the reactor corresponding to the matching
point λ = λmax(s) of the low- and high-temperature solutions is marginally stable for all s � 0.

© 2008 Elsevier Masson SAS. All rights reserved.
1. Introduction

The aim of the present paper is the linear stability analysis
of the possible steady temperature distributions of the parallel-
plane packed bed reactor described recently in [1]. The reactor
considered in [1] is characterized by a stratified structure in the
transversal direction and by the presence of volumetric heat gen-
eration by exothermic reactions. A special attention has been given
in [1] to the occurrence of hot spots [2] and to the upper bounds
of the existence domain of steady solutions [3], which represent
in such processes the regime above of which the reactor becomes
uncontrollable and thermal explosion may occur. The model calcu-
lations reported in [1] (and summarized in Section 2 below) apply
to reactors encountered in the chemical process engineering, in
civil engineering, combustion engineering, thermal explosion con-
trol and environmental energy engineering. Specific examples in
these fields are the ethanol production from cereals in anaerobic
fermenters (see e.g. [4]), hardening of the cement paste of massive
concrete members, [5–8], burning of granular fuels, thermal ex-
plosion o fine powders (see e.g. [9]), degradation of organic waste
materials in aerobic reactors and natural landfills, etc.

2. Basic equations and steady state solutions

In paper [1] a packed bed reactor with parallel plane bound-
aries kept at constant temperatures T1 = T2 ≡ T0 was considered.
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The x-axis of the coordinate system was chosen perpendicular to
the boundaries located at x = −L and x = +L, such that the bound-
ary conditions are T |x=−L = T |x=+L = T0. The reactor is filled with
a mixture of a fine granular material of which chemical compo-
sition varies with the x-coordinate continuously. There has been
assumed that in this organized structure an exothermic chemical or
biochemical reaction occurs, such that the rate of the volumetric
heat generation is a continuous function both of the local temper-
ature T and the coordinate x. The temperature field T = T (x, t) in
this parallel plane reactor is governed by the Fourier equation

ρc
∂T

∂t
= k

∂2T

∂x2
+ Q (x, T ) (1)

where Q (x, t) is the rate of volumetric heat generation by the
exothermic reaction, being given by the Arrhenius law

Q (x, T ) = Q 0(x)e−Ea/(kB T ) (2)

where Ea > 0 is the activation energy of the reaction and kB the
Boltzmann constant. The density ρ , the specific heat c and the
thermal conductivity k of the material are slowly varying func-
tions of the coordinate x and of reaction time t , such that all
of them may be considered as constants. Using the leading-order
Frank–Kamenetskii expansion of the Arrhenius exponential around
T − T0, [10], and introducing the dimensionless variables

X = x

L
, τ = t

t0
, θ(X, τ ) = α(T − T0)

Λ(X) = (αL2/k)e−αT0 Q 0(x) (3)
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Nomenclature

c specific heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J/kg K
CI, CII coefficients of linear combinations
Ea activation energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J
k thermal conductivity . . . . . . . . . . . . . . . . . . . . . . . . . . . W/m K
kB Boltzmann constant . . . . . . . . . . . . . . . . . . 1.38 × 10−23 J/K
K integration constant
K∗ threshold value es of K
K̃∗ dual counterpart of K
L half-thickness of packed bed . . . . . . . . . . . . . . . . . . . . . . . . m
Pμ

ν (z) associated Legendre functions of first kind
Q μ

ν (z) associated Legendre functions of second kind
q dimensionless wall heat flux
Q rate of volumetric heat generation . . . . . . . . . . . . . . W/m3

Q tot dimensionless rate of local heat release
s stratification parameter
t time variable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
t0 time unit, t0 = ρcL2/k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T absolute temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T0 boundary temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
x dimensional transversal coordinate . . . . . . . . . . . . . . . . . m
X dimensionless transversal coordinate, X = x/L
X0 integration constant
V analogous Schrödinger potential
W dimensionless function, W = θ + sX

z dimensionless variable, z = tanh ξ

Greek symbols

α constant, α = Ea/(kB T 2
0 ) . . . . . . . . . . . . . . . . . . . . . . . . . . . K−1

ε rescaled eigenvalues, ε = 2ε̄/(λK )

ε̄ eigenvalues
ϕ eigenfunctions
ϕ̄ normalized eigenfunctions
λ intensity parameter
Λ dimensionless structure function of stratification, Λ =

λesX

μ parameter, μ = √−ε = i
√

ε
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg/m3

θ dimensionless temperature, θ = α(T − T0)

τ dimensionless time, τ = t/t0

ξ dimensionless variable, Eq. (17)

Subscripts

max related to maximum value of λ

n order of eigenvalues, eigenfunctions
S steady state
∗ related to threshold value of K
± at the boundaries X = ±1
where t0 = ρcL2/k and α = Ea/(kB T 2
0 ), Eq. (1) and the boundary

conditions become

∂θ

∂τ
= ∂2θ

∂ X2
+ Λ(X)eθ (4)

θ |X=−1 = θ |X=+1 = 0 (5)

The dimensionless function Λ(X) describes the way in which the
structure of the packed bed is organized with respect to local in-
tensity Q 0(x) of the heat generation. In [1] it has been assumed
that the structure exhibits a plane-parallel stratification described
by the exponential law

Λ(X) = λesX (6)

Here λ and s are the control parameters of the problem. The in-
tensity parameter λ is necessarily positive (exothermic reactions),
while the stratification parameter s which characterizes the orga-
nized structure of the reacting material in the packed bed, may
be positive, negative or zero. However, taking into account that
the boundary value problem (4)–(6) is invariant under the trans-
formations (X → −X, s → −s), it is sufficient to consider only the
non-negative values of the stratification parameter s, without any
lost of generality.

The thermal evolution of the reactor is determined by the rate
of heat generation by the exothermic reaction and the heat flux
through the walls which are kept at the lower temperature T0
(isothermal wall cooling). In the industrial practice one is inter-
ested to reach a time-independent (steady) working regime of the
reactor in which between these two processes an exact balance
holds. As it has been shown in [1], the dimensionless temperature
field θS = θS (X) of this steady regime is described by the exact an-
alytical solution

θS (X) = − ln

(
esX

K
cosh2

[√
λK

2
(X − X0)

])
(7)

For determination of the two integration constants K and X0 the
boundary conditions furnish the relationships
λ = 1

2K

(
arccosh

√
K es + arccosh

√
K e−s

)2
(8)

X0 = arccosh
√

K es − arccosh
√

K e−s

arccosh
√

K es + arccosh
√

K e−s
(9)

where arccosh(z) = ln(z + √
z2 − 1). The condition of existence of

real solutions requires that for a given s � 0, K is equal to, or
larger than a threshold value K∗ = es . The values of λ and X0 cor-
responding to K∗ are λ∗ = 0 and X∗

0 = 0 for s = 0 and

λ∗ = 1

2
e−s arccosh2 es and X∗

0 = 1 for s �= 0 (10)

The basic features of the solution space can be inferred from
the inspection of Fig. 1 where K has been plotted as a function
of the intensity parameter λ for the value s = 1 of the stratifica-
tion parameter according to Eq. (8). The main message of Fig. 1
is that for a given value of the stratification parameter s, a max-
imum value λmax(s) of the intensity parameter λ exists such that
above of this upper bound no steady temperature solutions are pos-
sible. The domain of existence of the solutions is the finite λ-range
0 < λ � λmax(s) for all s � 0 and consists of a lower and an upper
branch of the curve K = K (λ), which match at the turning point
λ = λmax(s). The value K = Kmax corresponding to λmax(s) of λ is
obtained as solution of the transcendental equation

arccosh
√

K es + arccosh
√

K e−s =
√

K

K − es
+

√
K

K − e−s
(11)

and the maximum value λmax(s) of the intensity parameter results
as

λmax = K − cosh s + √
K 2 − 2K cosh s + 1

K 2 − 2K cosh s + 1
(12)

for K = Kmax.
In the range 0 < λ < λ∗ where λ∗ is given by Eq. (10), the

steady temperature solution (7) is always unique. In the range
λ∗ � λ � λmax(s), however, dual lower- and upper-branch solutions
occur which become coincident as λ → λmax(s). The lower branch
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Fig. 1. Existence domain of the steady solutions (7) for s = 1. For given s, the inten-
sity parameter λ is a univalued function λ = λ(s; K ) of the control parameter K in
the whole range K � K∗ = es .

solutions describe low-temperature and the upper branch solu-
tions, high-temperature regimes of the exothermic reactions, re-
spectively. Concerning the dual solutions, between the cases s = 0
(homogeneous reactor) and s �= 0 (stratified reactor) an essential
deviation is encountered. While in the case s = 0, the constant
of integration X0 is vanishing for all λ-values (which implies that
for s = 0 all the dual solutions are symmetric with respect to the
midplane X = 0 of the reactor), in the case s �= 0 the dual solu-
tions are always non-symmetric, being associated with different
non-vanishing values of X0. It is also worth noticing here that
in the mathematical analysis of the problem, the quantity K (oc-
curred initially as an integration constant) plays the role of an
order parameter since, for a given s, the intensity parameter λ is a
univalued function of K in its whole variation range K � K∗ = es .
The inverse function K = K (λ), in contrast, possesses this property
only for 0 < λ < λ∗ and λ = λmax, but in the domain of existence
λ∗ � λ < λmax(s) of the dual solutions, it is obviously bivalued (see
Fig. 1).

3. Linearization and stability analysis

Every physical system is permanently exposed to infinitesi-
mal perturbations coming from its environment. The perturbations
generate in turn infinitesimal excitations of the system, which try
to disintegrate its actual state. The internal dissipation forces of
the system, on the other hand, try to prevent this decay by atten-
uating the excitations. In general, the result of this competition is
either the restoration of the state of the system, or its definitive
decay. The standard mathematical method to find out what in this
respect in a given case actually happens is the linear stability anal-
ysis. The goal of the present section is to perform this analysis for
the steady states (7) of the stratified reactor.

The first step is to linearize the full evolution equation (4)
around the steady state (7) by the substitution

θ(X, τ ) = θS (X) + ϕ(X)e−ε̄τ (13)

where ϕ(X) is the yet unknown infinitesimal excitation (eigenstate)
of the system and ε̄ is the corresponding eigenvalue. As a result of
the linearization, one obtains the linear eigenvalue problem

d2ϕ

dX2
+ [

ε̄ + λesX+θS (X)
]
ϕ = 0 (14)

ϕ(−1) = ϕ(+1) = 0 (15)
Eqs. (14) and (15) specify a Sturm–Liouville eigenvalue problem.
From a more intuitive physical point of view, however, it is for-
mally identical with a Schrödinger eigenvalue problem which
describes the quantum mechanical motion of a particle in a
one-dimensional box X ∈ [−1,1] with impenetrable boundaries
at X = ±1. The latter feature results from the boundary condi-
tions (15) along with the continuity requirement of the steady
wave function ϕ(X) at X = ±1, which outside of the box must
vanish identically. The potential energy V (X) of the particle in the
box is

V (X) = −λesX+θS (X) = − λK

cosh2[√ λK
2 (X − X0)

] (16)

It is interesting to notice that −V (X) coincides precisely with rate
of the local heat generation Q local(X) by the exothermic reaction
(see Eqs. (32) and (33) of [1]).

Eq. (16) suggests that it is convenient to change from X to the
new independent variable

ξ =
√

λK

2
(X − X0) (17)

Accordingly, the eigenvalue problem (14), (15) reduces to the sim-
pler form

d2ϕ

dξ2
+

(
ε + 2

cosh2 ξ

)
ϕ = 0 (18)

ϕ|ξ=ξ− = ϕ|ξ=ξ+ = 0 (19)

where ε = 2ε̄/(λK ), ξ− � ξ � ξ+ and

ξ− = −
√

λK

2
(1 + X0) = −arccosh

√
K es

ξ+ = +
√

λK

2
(1 − X0) = +arccosh

√
K e−s (20)

The main advantage of the quantum mechanical analogy described
above consists of the fact that one can predict from the very begin-
ning that the eigenvalue spectrum {ε}, i.e. the energy spectrum of
the particle closed in the box, is purely discrete, non-degenerate,
bounded from below and unbounded from above. Thus, ranking
the eigenvalues εn according to their increasing values, ε0 < ε1 <

ε2 < · · · < εn < · · · , the corresponding eigenfunctions ϕn will auto-
matically be ordered according to the increasing number of their
zeros (nodes), such that ϕn has exactly n nodes, the ground state ϕ0
being always nodeless (Sturm’s oscillation theorem). These math-
ematical features are of basic importance for the linear stability
analysis. Indeed, it is sufficient to determine whether (for a given
s and K ) the energy ε0 of the (nodeless) ground state is positive or
negative. When ε0 > 0, all the other eigenvalues εn are also posi-
tive and the steady temperature distribution of the reactor θS (X)

is stable against all the infinitesimal perturbations. All the excited
states ϕn of θS (X) decay with time according to the exponential
law exp(−ε̃nτ ) = exp(−λKεnτ/2) and the system returns to the
unperturbed state θS (X) as τ → ∞. When however ε0 < 0, then
the perturbation ϕ0 is amplified infinitely with time by the factor
exp(|ε̃0|τ ) = exp(λK |ε0|τ/2) as τ → ∞, which implies that initial
steady state θS (X) is destroyed, i.e. the steady temperature field
θS (X) is unstable against ϕ0, as well as against all the other per-
turbations ϕn associated with negative eigenvalues εn . In this case,
ϕ0 represents the lowest instability mode of θS (X).

In addition to the positive and negative eigenvalues εn , the
vanishing eigenvalue εm = 0, when exists, possesses a special sig-
nificance for the stability analysis. In this case it is sufficient to
determine whether the eigenfunction ϕm corresponding to εm = 0
is nodeless or not. Is ϕm nodeless, εm = 0 represents according
to the oscillation theorem the lowest eigenvalue, i.e. m = 0. As a
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consequence, the steady temperature field θS (X) in this case is
marginally (or neutrally) stable against the perturbation ϕ0 and
stable against all the other perturbations ϕn , n = 1,2,3, . . . . When,
however, ϕm possesses at least one node, εm = 0 is not the lowest
eigenvalue and the steady state θS(X) is unstable against all the
perturbations ϕn with n < m.

Changing from ξ to the new independent variable z, z = tanh ξ ,
Eq. (18) reduces to the differential equation of the Legendre func-
tions of degree ν and order μ (see [11], Ch. 8),

(1 − z2)
d2ϕ

dz2
− 2z

dϕ

dz
+

[
ν(ν + 1) − μ2

1 − z2

]
ϕ = 0 (21)

with ν = 1 and

μ = √−ε = i
√

ε (22)

Thus, the associated Legendre functions of the first and second kind
Pμ

ν (z) and Q μ
ν (z) of degree ν = 1 specify a system of fundamental

solutions {ϕI(ξ),ϕII(ξ)} = {Pμ
1 (z), Q μ

1 (z)} of Eq. (21). Accordingly,
the general solution of Eq. (18) is a linear combination of the fun-
damental solutions,

ϕ = CI Pμ
1 (tanh ξ) + CII Q μ

1 (tanh ξ) (23)

The boundary conditions (19) yield for the coefficients CI and CII
the equations

CI Pμ
1 (tanh ξ−) + CII Q μ

1 (tanh ξ−) = 0

CI Pμ
1 (tanh ξ+) + CII Q μ

1 (tanh ξ+) = 0 (24)

where, bearing in mind Eqs. (20),

tanh ξ− = − tanh
(
arccosh

√
K es

) = −
√

K − e−s

K

tanh ξ+ = + tanh
(
arccosh

√
K e−s

) = +
√

K − es

K
(25)

The system of linear and homogeneous equations (24) admits non-
trivial solutions for CI and CII only when its determinant is van-
ishing, i.e.,

Det ≡ Pμ
1 (tanh ξ−)Q μ

1 (tanh ξ+)

− Pμ
1 (tanh ξ+)Q μ

1 (tanh ξ−) = 0 (26)

For given values of s and K , the roots of Eq. (26) determine the
eigenvalue spectrum ε0 < ε1 < ε2 < · · · of the problem. Since the
differential equation (18), as well as the boundary conditions (19)
are linear and homogeneous, the eigenfunctions (23) correspond-
ing to the eigenvalues εn are determined only to a constant factor.
Accordingly, they can be normalized to our convenience. With the
aim of a simple comparison with the direct numerical solution
of the eigenvalue problem (18), (19) (see Section 4), we require
that at the left boundary ξ = ξ− of the reactor the slope of the
normalized eigenfunctions ϕ̄ equals unity, i.e. (dϕ̄/dξ)|ξ=ξ− = 1.
Therefore, our eigenfunctions normalized in this way will be ob-
tained as

ϕ̄ = ϕ

(dϕ/dξ)|ξ=ξ−
(27)

where ϕ is specified by Eqs. (23)–(26). After some algebra one gets

ϕ̄ = Q μ
1 (tanh ξ−)Pμ

1 (tanh ξ) − Pμ
1 (tanh ξ−)Q μ

1 (tanh ξ)

Q μ
1 (tanh ξ−)

dPμ
1 (tanh ξ)

dξ

∣∣
ξ=ξ− − Pμ

1 (tanh ξ−)
dQ μ

1 (tanh ξ)

dξ

∣∣
ξ=ξ−

(28)

Now we turn to the detailed discussion of the eigenvalue prob-
lem (18), (19). The eigenvalue spectrum is obtained as roots ε of
Eq. (26) for specified K and s. This equation is real for ε � 0 but
Fig. 2. The eigenvalues ε0 < ε1 < ε2 < · · · correspond to the contact points (dots)
of the curve |Det| with the ε̃-axis. In the present case ε0 = 2.47554, ε1 = 13.2493,
ε2 = 31.2122, ε3 = 56.3607, . . . .

Fig. 3. The lowest eigenvalue ε0(K ; s) is a monotonically decreasing function of K
for in the whole range K � K∗ = es for s = 1, 1.5 and 2. The dots in the upper half
plane mark the largest value of ε0(K ; s) corresponding to the respective threshold
values K∗(s) = es of K , whereas those in the lower half plane correspond to the
dual counterparts K̃∗(s) of K∗(s) associated with the same values λ∗(s) of λ (see
Fig. 1). The intersection points of the curves ε0(K ; s) with the K -axis correspond
precisely to the values Kmax associated with the maximum value λmax(s) of the
intensity parameter. In the range K > Kmax the lowest eigenvalue is negative and
approaches −1 as K → ∞ (dashed line).

becomes complex in the range ε > 0. Thus the roots ε of Det = 0
are the simultaneous zeros of Re[Det] and Im[Det], i.e. the zeros
of |Det|. As a first illustration of the distribution of eigenvalues
ε0 < ε1 < ε2 < · · · , in Fig. 2 the expression of |Det| has been
plotted as a function of ε for s = 1 and K = K∗ = es . The roots
ε0 < ε1 < ε2 < · · · of Det = 0 are given by the contact points of
the curve |Det| with the ε-axis. One sees, that in this case all
the eigenvalues are positive. Accordingly, the steady temperature
distribution (7) corresponding to s = 1 and to the threshold value
K∗ = es of K is linearly stable.

As explained above, we are basically interested in the position-
change of the lowest eigenvalue ε0 with increasing values of K in
the whole range K � K∗ = es for given values of the stratification
parameter s. To be specific, in Fig. 3 the dependence of the low-
est eigenvalue ε0 on K has been plotted for three different values
s = 1, 1.5 and 2 of the stratification parameter in the corresponding
ranges K � K∗ = es of K (see also Fig. 1). One sees that the lowest
eigenvalue ε0(K ; s) always is a monotonically decreasing function
of K for in the whole range K � K∗ = es for s = 1, 1.5 and 2. The
dots in the upper half plane mark the largest values of ε0(K ; s)
corresponding to the respective threshold values K∗(s) = es of K ,
whereas those in the lower half plane correspond to the dual
counterparts K̃∗(s) of K∗(s), associated with the same values λ∗(s)
of λ (see Fig. 1, and Table 1 of [1]). The intersection points of the
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curves ε0(K ; s) with the K -axis correspond precisely to the values
Kmax(s) associated with the maximum value λmax(s) of the inten-
sity parameter (see also Table 1 of [1]). In the range K > Kmax,
the lowest eigenvalue is negative and approaches −1 as K → ∞.
The above features hold for all s � 0. One arrives in this way to
the important conclusion that the lower branch (low-temperature)
solutions are always linearly stable, while the upper branch ones
(high-temperature solutions) linearly unstable. The steady state of
the reactor corresponding to the matching point λ = λmax(s) of the
low- and high-temperature solutions is marginally stable since the
lowest eigenvalue in this point is vanishing, ε0(Kmax; s) = 0 for all
s � 0. In other words, the unique upper branch solutions associ-
ated with K -values in the range K > K̃∗(s) are all unstable. The
lower branch solutions in the K -range K∗(s) � K < Kmax(s) are al-
ways linearly stable, but their dual upper branch counterparts with
Kmax(s) < K � K∗(s) are unstable. The stable and unstable solution
branches are joined at K = Kmax(s) by a marginally stable unique
solution.

The feature ε0(Kmax; s) = 0 for all s � 0, can also be proven
analytically. Indeed, taking into account that for μ = 0 (i.e. ε = 0)
the associated Legendre functions have the simple expressions

P 0
1(tanh ξ) = tanh ξ,

Q 0
1 (tanh ξ) = −1 + ξ tanh ξ (29)

the eigenvalue equation (26) becomes

ξ+ − ξ− = 1

tanh ξ+
− 1

tanh ξ−
(30)

Bearing in mind Eqs. (20) and (25), it is easy to see that Eq. (29)
coincides exactly with Eq. (11) which determines the value K =
Kmax corresponding to the maximum λmax(s) of the intensity pa-
rameter λ. Therefore, in the state of the reactor corresponding (for
a given s) to the maximum of the of the intensity parameter, ε = 0
is surely an eigenvalue. Hence, with respect to the stability of the
steady state corresponding to λmax(s), the key question is whether
in this case ε = 0 is the lowest eigenvalue or not. The answer on
this question is obtained from the corresponding eigenmode (28)
which in the present case reads

ϕ̄ = (1 − ξ− tanh ξ−) tanh ξ − (tanh ξ−)(1 − ξ tanh ξ)

=
(

1 −
√

Kmax − e−s

Kmax
arccosh

√
Kmaxes

)
tanh ξ

+
√

Kmax − e−s

Kmax
(1 − ξ tanh ξ) (31)

In Fig. 4 the eigenmode (31) is plotted as a function of ξ ∈ [ξ−, ξ+]
for four selected values of s, s = 0,1,1.5 and 2, where the cor-
responding solutions of Eq. (11) are Kmax = 3.27672, 4.44598,
6.17899 and 9.17882, respectively (see also Table 1 of [1]). It is
seen that the eigenfunction (31) is nodeless for all values of the
stratification parameter s, which means that ε = 0 is the lowest
eigenvalue for all s when λ = λmax(s). Hence, these eigenfunc-
tions describe the marginally stable modes of the steady temper-
ature distribution θS (X) corresponding to λ = λmax(s). We may
further conclude that the eigenvalues ε1 < ε2 < ε3 < · · · larger
than ε0 = 0 are associated with stable modes ϕ̄n , n = 1,2,3, . . . , of
the temperature distribution θS (X) corresponding to λ = λmax(s).
To be specific, in Fig. 5 the normalized eigenfunctions (28) corre-
sponding to ε0, ε1, ε2 and ε3 are shown for the case (s = 1, K =
Kmax = 4.44598), where ε0 = 0, ε1 = 4.41955, ε2 = 11.4648, ε3 =
21.3183, . . . . One clearly sees that the number of nodes of the
eigenfunctions ϕ̄n equals n, in full agreement with the oscillation
theorem.
Fig. 4. Plotted are the eigenfunctions (31) associated with the matching point
{K , λ} = {Kmax(s), λmax(s)} of the lower- and upper-branch solutions for s = 0,1,1.5
and 2, respectively. The corresponding eigenvalues being vanishing, ε = 0, the func-
tions ϕ̄ describe the marginally stable modes of the steady temperature distribu-
tions θS (X) corresponding to {K , λ} = {Kmax(s), λmax(s)}.

Fig. 5. The first four eigenmodes of the steady temperature profile θS (X) corre-
sponding to the matching point {K , λ} = {Kmax(s), λmax(s)} of the lower- and upper-
branch solutions for s = 1. The temperature distribution θS (X) is marginally stable
with respect to the mode ϕ̄0 corresponding to the lowest eigenvalue ε0 = 0, and
stable with respect to ϕ̄n , n = 1,2,3, . . . .

4. Numerical validation

The aim of the present section is to confirm the analytical re-
sults of Section 3 by a direct numerical solving of the eigenvalue
problem (18), (19). The numerical approach can be simplified sub-
stantially by exploiting the fact that both Eq. (18) and the bound-
ary conditions (19) are linear and homogeneous. Indeed, these fea-
tures allow one to formally reduce the eigenvalue problem (18), (19)
to the initial value problem

d2ϕ

dξ2
+

(
ε + 2

cosh2 ξ

)
ϕ = 0

ϕ|ξ=ξ− = 0,
dϕ

dξ

∣∣∣∣
ξ=ξ−

= 1 (32)

subject to the additional forcing condition

ϕ|ξ=ξ+ = 0 (33)

The first initial condition (32) coincides with the first boundary
condition (19), while the second one is the requirement that the
“initial velocity” (i.e. slope of the eigenfunctions at the left bound-
ary ξ = ξ−) always equals 1. Owing to the linear and homogeneous
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Fig. 6. The solid curve ϕ|ξ=ξ+ (ε) is obtained from the direct numerical solution of
the eigenvalue problem and the dashed curve |Det(ε)| represents the left hand side
of the eigenvalue equation (26) for s = 1 and K = K̃∗ = 17.4406. The coincident
intersection points of the two curves with the ε-axis (dots) yield the eigenvalue
spectrum ε0 < ε1 < ε2 < · · · , where ε0 = −0.80781, ε1 = 1.37133, ε2 = 4.14609,
ε3 = 8.05852, . . . . In the ranges [ε1, ε2], [ε3, ε4], . . . the two curves are overlapping.

character of the eigenvalue problem, this latter condition may be
imposed without any restriction of generality. In this way, using
the numerical solution of the initial value problem (32), it is suf-
ficient to plot ϕ|ξ=ξ+ (which represents the “position” ϕ at the
final instant ξ = ξ+ of motion) as a continuous function of the
eigenvalue parameter ε. The zeros of this curve ϕ|ξ=ξ+ = ϕ|ξ=ξ+ (ε)

are precisely the ε-values for which the additional condition (33)
is satisfied, i.e., the eigenvalues ε0 < ε1 < ε2 < · · · which we are
interested in. As an illustration, in Fig. 6 the curve ϕ|ξ=ξ+ (ε) ob-
tained in this way is compared to the curve |Det(ε)| based on
Eq. (26) for s = 1 and K = K̃∗ = 17.4406 which, according to Fig. 1,
represents the dual upper branch counterpart of the lower branch
point K = K∗ = 2.71828, both being associated with the same
value λ = λ∗ = 0.505311 of the intensity parameter. From Fig. 6,
two main messages can be inferred, namely (i) the eigenvalues ob-
tained by analytical calculations as roots of equation |Det(ε)| = 0
on the one hand, and by a direct numerical solution of the eigen-
value problem as roots of equation ϕ|ξ=ξ+ (ε) = 0 on the other
hand, coincide exactly, (ii) the lowest eigenvalue ε0 = −0.80781 is
negative, i.e. the upper branch (high-temperature) solution θS (X)

associated with (λ, K ) = (λ∗, K̃∗) = (0.505311,17.4406) and s = 1
is unstable, in full agreement with Fig. 3. The instability mode ϕ̄0
of this θS (X) as well as its stable excited states ϕ̄n corresponding
to the eigenvalues ε1 = 1.37133, ε2 = 4.14609 and ε3 = 8.05852
are plotted in Fig. 7. Similarly to Fig. 5, the validity of the oscilla-
tion theorem is clearly seen also in this case.

5. Summary and conclusions

The linear stability of steady conduction regime of a parallel-
plane packed bed reactor with a stratified structure and internal
volumetric heat generation by exothermic reactions has been in-
vestigated. The approach was based on an exactly solvable one-
dimensional nonlinear mathematical model which involves two
experimentally accessible control parameters, the intensity param-
eter λ and stratification parameter s. From engineering point of
view, this model corresponds to a three-dimensional reactor whose
y- and z-dimensions are much larger than the x-dimension, i.e.
than the distance 2L between the two plane boundaries (Fig. 1).
In this case the finite-size effects in y- and z-directions of the real
reactor can be neglected, and the results of the (mathematically)
one-dimensional model calculations hold in the three-dimensional
world as well. The intensity parameter λ is an intrinsic material
Fig. 7. The first four eigenmodes of the upper branch temperature profile θS (X) cor-
responding to the point (λ, K ) = (λ∗, K̃∗) = (0.505311,17.4406) of Fig. 1. The lowest
eigenvalue being negative, ε0 = −0.80781, ϕ̄0 represents the instability mode of this
θS (X). The plots of the numerical and the corresponding analytical solutions (28)
are full overlapping.

constant which is determined by the reaction heat. The strati-
fication parameter s is rather a geometrical characteristic which
is determined by the way in which the structure of the react-
ing materials has been organized between the plane boundaries.
For a given value of s, an upper bound λmax(s) of λ exists, such
that above of this maximum no steady state solutions are pos-
sible. Below λmax(s), unique as well as dual solutions exist. The
former ones describe high temperature steady states of the reac-
tor, while the dual solution branches are associated with low and
high temperature reaction regimes, respectively. The main results
of the stability analysis of these steady temperature distributions
can be summarized as follows.

1. The basic eigenvalue problem of the stability analysis coincides
formally with a Schrödinger eigenvalue problem of a particle in
a one-dimensional box with impermeable walls. The negative
potential energy of the particle −V (X) coincides with rate
of the local heat generation Q local(X) by the exothermic re-
action. Thus, the eigenvalue spectrum is completely discrete,
non-degenerate, bounded from below and unbounded from
above. Ranking the eigenvalues εn according to their increas-
ing values ε0 < ε1 < ε2 < · · · < εn < · · · , the corresponding
eigenfunctions ϕn will automatically be ordered according to
the increasing number of their zeros (nodes), such that ϕn has
exactly n nodes, the ground state ϕ0 being always nodeless
(Sturm’s oscillation theorem).

2. The eigenfunctions ϕn can be given in exact analytical form
as linear combinations of the associated Legendre functions of
the first and second kind.

3. The lowest eigenvalue ε0 = ε0(s; K ) is for all s � 0 a mono-
tonically decreasing function of the order parameter K in the
whole domain of existence K � es ≡ K∗(s) of the steady tem-
perature solutions θS (X) (see Fig. 3).

4. The lowest eigenvalue ε0 = ε0(s; K ), and thus the whole spec-
trum, is positive for all es ≡ K∗(s) � K < Kmax(s) and s � 0, i.e.
for all the possible low-temperature distributions θS (X) of the
reactor. In this range all the linear excitations ϕn of θS (X) de-
cay exponentially with time. Accordingly, all the lower-branch
solution, 0 < λ < λmax(s), are linearly stable.

5. At Kmax(s), i.e. at the K -value corresponding to λ = λmax(s),
the lowest eigenvalue becomes zero, ε0(s; Kmax) = 0. Con-
sequently, the temperature distribution θS (X) corresponding
to the maximum value λmax(s) of the intensity parameter is
marginally stable for all s � 0.
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6. As K exceeds the value Kmax(s), the lowest eigenvalue ε0 =
ε0(s; K ) changes its sign from plus to minus (see Fig. 3). Ac-
cordingly, λ = λmax(s) marks at the same time that point of
the parameter plane where the reactor changes from a linearly
stable to an unstable steady regime. All the upper branch (i.e.
high temperature) steady states, both in the range Kmax < K �
K̃∗ of the dual solutions and in the range K > K̃∗ of the unique
solutions as well (see Fig. 1), are unstable.

7. As physically expected, the upper bound λ = λmax(s) of the
existence domain of the steady regime decreases with increas-
ing value of the stratification parameter s. In other words,
λ = λmax(0) corresponding to the homogeneous reactor, rep-
resents the absolute upper limit of stability of the low tem-
perature solutions for all s � 0.
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